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Recent experiments in graphene heterostructures have observed Chern insulators - integer and
fractional Quantum Hall states made possible by a periodic substrate potential. Here we study
theoretically that the competition between different Chern insulators, which can be tuned by the
amplitude of the periodic potential, leads to a new family of quantum critical points described by
QED3-Chern-Simons theory. At these critical points, Nf flavors of Dirac fermions interact through
an emergent U(1) gauge theory at Chern-Simons level K, and remarkably, the entire family (with
any Nf or K) can be realized at special values of the external magnetic field. Transitions between
particle-hole conjugate Jain states realize “pure” QED3 in which multiple flavors of Dirac fermion
interact with a Maxwell U(1) gauge field. The multi-flavor nature of the critical point leads to
an emergent SU(Nf ) symmetry. Specifically, at the transition from a ν =1/3 to 2/3 quantum
Hall state, the emergent SU(3) symmetry predicts an octet of charge density waves with enhanced
susceptibilities, which is verified by DMRG numerical simulations on microscopic models applicable
to graphene heterostructures. We propose experiments on Chern insulators that could resolve open
questions in the study of 2+1 dimensional conformal field theories and test recent duality inspired
conjectures.
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I. INTRODUCTION
Perhaps the most remarkable example of emergence
in condensed matter physics is the appearance of decon-
fined gauge fields, which by now is well established in
the context of the Fractional Quantum Hall effect, whose
low energy physics is captured by a Chern Simons gauge
theory. Here, we discuss a family of quantum phase tran-
sitions between different quantum Hall states that, owing
to the emergent gauge fields, are strikingly different from
conventional phase transitions.
At the same time, recent experimental advances have
brought their physical realization within reach. There
has been rapid progress in achieving quantum Hall
physics [1–3] in the presence of a periodic potential at
the scale of the magnetic length. Moire patterns between
boron-nitride and bilayer graphene [4–6] as well as pat-
terned gate electrodes [7] have been utilized to create a
superlattice potential, leading to the realization of inte-
ger Chern Insulator (ICI) phases [8, 9] within the Hofs-
tadter butterfly [10]. While these phenomena are present
even in models of non-interacting electrons, recent exper-
iments on bilayer graphene have demonstrated the ex-
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2istence of fractional Chern insulators (FCIs) [11], frac-
tional quantum Hall states that can only occur through
the interplay between the periodic potential and electron-
electron interactions. While there is a significant the-
oretical literature on FCI states [12–16] (also see re-
views [17, 18]), recent experimental progress calls for a
study of the quantum phase transitions between the rich
variety of phases which can be tuned by the periodic po-
tential, which have attracted less attention [19].
Phase transitions between distinct quantized Hall
states have been studied since the early days of the quan-
tum Hall effect, typically in the presence of disorder
which leads to plateaus of quantized Hall conductance on
changing the magnetic field or electron density [20–24].
Instead of traditional plateau transitions, we will discuss
transitions that may be tuned by the amplitude of the pe-
riodic potential at fixed magnetic field and density, which
cannot be realized in the disorder dominated regime [19],
and have not been previously discussed. In particular we
will focus on a class of quantum phase transitions which
can be approached using the composite fermion descrip-
tion [25–27], where a new set of fermions are obtained
from electrons (or bosons) by a flux attachment proce-
dure. Microscopically, the periodic potential alters the
dynamics of the composite fermions, inducing a change
in their band topology. At the critical point, the com-
posite fermions form multiple Dirac cones. This leads to
a class of critical theories in 2+1D which take the form of
quantum electrodynamics (QED), with multiple flavors
(Nf ) of Dirac fermions coupled to a U(1) gauge field aris-
ing from flux attachment. An additional Chern-Simons
term may also be present. Previous discussions of the
plateau transition [20–23] have typically considered the
Chern number of the composite fermions changing by
unity (Nf = 1), in both lattice and disordered systems.
This is the only natural scenario for the disordered case,
and is a special case of the more general theory discussed
below, where lattice translations endow the system with
larger symmetry leading to several new features, in par-
ticular an enlarged SU(Nf ) flavor symmetry that will
have important consequences. There have also been some
studies on the FCI transition with Nf = 2 [28–31], al-
though these apply to FCI transitions of lattice bosons
rather than electronic systems.
The family of critical theories we find are dubbed
QED3-Chern-Simons theory, each of which is labeled by
two numbers: the number of Dirac fermion flavors Nf
and the Chern-Simons levelK. It is believed that most (if
not all) of these critical theories will flow into 2+1 dimen-
sional conformal field theories (CFTs) in the infrared.
However the properties of those theories are rather poorly
understood. Indeed there has been a large effort to study
the IR properties of pure (K = 0) QED3 [32–45], but
calculating properties at small Nf remains an open is-
sue. Several of these theories have applications to other
long-standing problems in condensed matter physics, for
example, the theory with Nf = 4, K = 0 has appeared
in theories of high temperature superconductivity in the
cuprates [46] and spin liquid physics in frustrated mag-
nets [38, 47–50]. They also have interesting duality prop-
erties [51–55], and in light of the duality proposal the
self-dual Nf = 2, K = 0 theory [55–59] has a surprising
connection to the “deconfined” critical points that were
first discussed in the context of quantum magnets [60–
62].
More generally, understanding the properties of inter-
acting CFTs is a central quest in various fields of physics.
In 2+1 dimensions, there are a few CFTs that are well
understood and can be realized experimentally, such as
the Wilson-Fisher theories related to spontaneous sym-
metry breaking [63]. The FCI transitions discussed here
could significantly expand the list, as the whole family
of QED3-Chern-Simons theory may be realizable within
the experimental scenario we discuss. For example, we
show pure QED3 with arbitrary Nf can be realized at
the transitions between the particle-hole conjugate part-
ners of the Jain sequence states. From an experimental
point of view, the FCI transitions can be accessed by tun-
ing the strength of periodic potential, which has already
been demonstrated experimentally [7, 64]. Various crit-
ical exponents may also be measurable from the charge
density wave susceptibility and tunneling conductance.
We therefore believe that future experimental study may
provide new insights on the long-standing and interdis-
ciplinary problems regarding interacting CFTs in 2+1
dimensions.
The rest of the paper is organized as follows. In Sec. II,
we review free fermion phase transitions between integer
Chern insulators, where multiple Dirac cones can appear
at special values of the magnetic field and electron den-
sity where they are protected by magnetic translation
symmetry [65]. The free-fermion physics is an important
building block of our analysis, since a fractional Chern
insulator can be understood as an integer Chern insulator
of composite fermions [66, 67]. In Sec. III, we consider
a concrete example of a phase transition between two
neighboring FCI phases with σxy = 1/3 and σxy = 2/3.
We show that the transition can be realized in an exper-
imentally feasible model, provide numerical confirmation
using iDMRG simulations, and use the composite fermion
approach to demonstrate how pure QED3 arises at the
critical point.
In Sec. IV, we discuss the general composite fermion
construction of FCI transitions: intuitively, they arise
as Chern number changing transitions of composite
fermions. Therefore, like the free-fermion case, the mag-
netic translation symmetry of composite fermions can
give rise to multiple Dirac cones, but with the added
physics of an emergent dynamical U(1) gauge field. We
show how the whole family of QED3-Chern-Simons the-
ory can emerge at such critical points, and in partic-
ular pure QED3 theories can be realized at transitions
between particle-hole conjugate partners of the Jain se-
quence. In Sec. V, we elaborate on the physical properties
of QED3-Chern-Simons theories. For example, a criti-
cal theory with Nf Dirac fermions will have an emergent
3SU(Nf ) flavor symmetry which we show physically corre-
spond to the order parameters of the charge-density-wave
at N2f − 1 distinct crystal momenta. The corresponding
scaling dimensions are calculated analytically within a
large-Nf expansion. Using iDMRG simulations, we in-
deed find evidence for the emergence of SU(3) symmetry
at the critical point between σxy = 1/3 and σxy = 2/3
phases, implying the emergence of pure Nf = 3 QED3.
We also discuss the properties of monopole operators,
which in this context are nothing but the electron cre-
ation/destruction operators and their experimental con-
sequences for probes sensitive to the electronic Greens
function. In Sec. VI we point out that the transition of
the bosonic ν = 1/2 Laughlin state into a Mott insulator
is strongly constrained by the level-rank duality results of
Benini, Hsin and Seiberg [68, 69] and discuss their phys-
ical consequences. In Sec. VII, we further discuss the
experimental setup for the FCI transitions, including a
more experimentally straightforward transition between
a σxy = 1/3 FQH state and a σxy = 1 Chern insulator.
In Sec. VIII, we summarize and discuss future interest-
ing directions. The appendix is devoted to the details
of large-N calculation and generalizations of microscopic
models for the phase transitions.
II. FREE FERMIONS: A WARM UP
We begin by reviewing transitions between integer
Chern insulators at fixed density and flux, since these
form the building block of our later fractionalized anal-
ysis. Throughout, we use units in which the unit cell of
the lattice is a2 = 1 and e
2
~ = 1, so that the fundamental
flux quantum is φ0 = 2pi and the fundamental conduc-
tance is e
2
h =
1
2pi . However, when we quote the value of
σxy, we will express it in units of
e2
h so that the 2pi factor
drops out. The magnetic field is measured in terms of
the density of flux quanta per unit cell, φ = a
2B
φ0
. Chern
insulators are best understood through the relation be-
tween the electron density per unit cell n and the flux
density φ: any gapped phase of matter must obey the
Diophantine condition [70, 71]
n = Cφ+ s (1)
where C, s are invariants which characterize the phase.
From the Streda formula [70], the Hall conductance is
σxy =
dn
dB = C/2pi, while s can be thought of as the den-
sity of electrons “glued” to each lattice cell [71]. For any
free fermion state, C, s ∈ Z, while they may be rational
fractions in an FCI. Galilean invariance requires s = 0,
so non-zero s indicates strong lattice effects - these are
the Chern insulators.
Experimentally, C and s can be determined by mea-
suring electrical properties such as the resistance or com-
pressibility in the plane of n and φ (a “Wannier plot”).
Gapped FCI and ICI phases appear as lines of incom-
pressibility in this plane, from which the invariant can
FIG. 1. Red and blue lines represent gapped trajectories
labeled by (C, s) and (C′, s′) respectively, which intersect at
(n∗, φ∗). For a generic value of the tuning parameter m (su-
perlattice potential strength), one type of gap will “win” over
the other at the crossing. At the critical value m = mc, the
gap closes and their relative strength is exchanged; this is the
manifestation of a Chern-number changing transition.
be read off as a slope and intercept (though of course
the phases will only extend over a finite range of φ) [4–
6, 11]. Importantly, two such lines may cross at some
point φ∗, n∗, indicating competition between two differ-
ent ICIs or FCIs. In Fig. 1, we illustrate how this com-
petition may evolve as a tuning parameter, such as the
lattice potential, changes. The gap at φ∗, n∗ closes and
reopens as it transfers between the two different trajec-
tories, indicating a Chern-number changing transition.
The Diophantine condition places a constraint on the
Chern-number changing transitions which can occur at
fixed density and flux. If C and s change by ∆C,∆s
across the transition, we must have 0 = ∆Cφ∗ + ∆s.
Letting φ∗ = pq , this implies p∆C = −q∆s. Since p, q
are co-prime, we conclude that ∆C is an integer multiple
of q. Thus while naively one might suppose only |∆C| =
1 transitions are generic, fractional flux stabilizes higher
Chern number changing transitions [70–72].
In the free fermion limit, C-changing transitions arise
from gap-closings in the underlying band theory. The
total Chern number of an integer phase is determined
by summing up the Chern numbers of occupied bands.
As a parameter such as the lattice potential amplitude
changes, the conductance and valence bands may touch,
closing the gap and transferring Chern number between
them. The transfer of Chern number ∆C between the
two is mediated by the formation of |∆C| Dirac points,
as illustrated in Fig. 2. We review the field-theoretic
description of the resulting transition to illustrate the
role of the invariant s. The electromagnetic response
theory for a C, s-insulator is
Leff[A] = C
4pi
AdA+ sA0, (2)
where A is the external electromagnetic gauge field, as
verified by δLδA0 = n = C
B
2pi + s. Here (and later)
AdA is a short hand notation for the Chern-Simons term
A ∧ dA. For a transition between invariants (C2, s2)
and (C1, s1) at rational flux φ∗, we define a vector po-
tential A∗ = (0,A∗) such that ∇ × A∗ = 2piφ∗ pro-
4duces the uniform magnetic field associated to φ∗, and
let ∆C = C2 − C1, C¯ = (C2 + C1)/2. The proposed
Lagrangian is
L =
∆C∑
I=1
ψ¯I(i/∂+ /A− /A∗−m)ψI+
C¯
4pi
(A−A∗)d(A−A∗)+n∗A0.
(3)
Subtracting A∗ ensures that even though the Dirac
fermions couple to A, they see no net field at φ∗. The
mass m is a phenomenological parameter which tunes
across the transition. When m is finite, a gap opens and
the each Dirac fermion induces a Chern-Simons response
proportional to 12
m
|m| . Integrating out the fermions, we
obtain
L = (C¯ + 1
2
∆C
m
|m| )(A−A∗)d(A−A∗)/4pi + n∗A0
(4)
= (C¯ +
1
2
m
|m|∆C)AdA/4pi + (s¯+
1
2
m
|m|∆s)A0 (5)
where we have used the Diophantine relations ∆Cφ∗ =
−∆s and n∗ = C¯φ∗ + s¯. This ensures we produce the
desired response of Eq. 2 on either side of the transition.
This leaves open why the mass of the Dirac fermions
are identical; in the absence of a symmetry relating them,
the transition would instead occur through a sequence of
∆C = 1 transitions. The desired symmetry is of course
the magnetic algebra. Letting Tx, Ty denote translations
by the Bravais vectors of the lattice,
TxTy = e
2piiφTyTx (6)
Since the magnetic algebra acts projectively on the
fermions, at flux φ = pq this required q-fold degeneracies,
guaranteeing the Dirac points come in groups of ∆C = q.
This can be seen explicitly in k-space [65]. Defining a
magnetic Brillouin zone with respect to the commuting
translations Tx, T
q
y , the symmetries act on eigenstates
|kx, ky, j〉 according to Tx |kx, ky, j〉 = eikx |kx, ky, j〉 (j is
a band index) and Ty |kx, ky, j〉 = eiky |kx + 2pip/q, ky, j〉.
The latter relation cyclically permutes q points in the
magnetic Brillouin zone. Therefore if the system has a
Dirac cone (denoted by ψ1) at (kx, ky), another q − 1
copies will automatically appear at (kx + 2piIp/q, ky).
Under the translational operation the resulting q-flavors
of Dirac fermion transform as
TyψI = e
ikyψI+1, I = 0, · · · , q − 1.
TxψI = e
ikx+i2piI
p
q ψI (7)
This forms a subgroup of SU(q) under which only the
singlet mass term m
∑
ψ¯ψ is symmetric, which is the
tuning parameter for the phase transition. Other mass
terms, i.e. ψ¯IMIJψJ (M 6= 1), will break the magnetic
translation symmetry.
As the magnetic flux deviates away from φ∗, the resid-
ual field is seen by the Dirac fermions. Together they will
form ∆C-fold degenerate Landau levels, opening up Hall
gaps at total Chern number C = C¯ + (l + 12 )∆C, l ∈ Z.
These are precisely the trajectories allowed by the Dio-
phantine condition n = Cφ+ s near φ∗, and correspond
to the formation of Chern ∆C-bands. This makes pre-
cise the sense in which a Chern C-band is like “C-copies”
of a Landau level; these copies are just the valley index
of the C-Dirac fermions, which are permuted under the
magnetic algebra as a subgroup of SU(C).
A. Model realization
Chern number changing transitions can be realized in
any model without Galilean invariance, such as tight-
binding models or continuum Landau levels with an ad-
ditional weak lattice potential. While the former have
been the subject of most numerical studies, the latter
are most relevant to recent experiments in graphene het-
erostructures (see Sec. VII), so will be our focus. In this
paradigm, a strong magnetic field applied to a 2DEG first
gives rise to flat Landau levels with a magnetic length `B
much larger than the atomic scale, split by a cyclotron
energy ~ωc. An additional “superlattice” is then applied
(via lithography or a moire pattern) at a length scale
comparable to `B but with an amplitude small compared
to ~ωc. In this limit, it is justified to project the super-
lattice into the Landau level(s) closest to the Fermi level.
Landau level projection kills off wavevectors large com-
pared to `−1B , so we consider superlattices of the general
form
µ(r) = U0
∫
dr
∑
m
(Vme
ir·Gmnr + h.c.), (8)
where Gm are the smallest several reciprocal vectors of
the superlattice. Here we consider a square lattice poten-
tial with G1 =
2pi
a (1, 0), G2 =
2pi
a (0, 1), G3 =
2pi
a (1, 1),
G4 =
2pi
a (1,−1), and V1 = V2, V3 = V4, where a is a
lattice constant.
In the presence of a finite potential the flat Landau
levels broaden and split (and neighboring Landau lev-
els may mix once the potential strength U0 is compara-
ble to the Landau level splitting). Solving for the band
structure via standard methods [65, 73, 74], we see that
Chern-number changing transitions can be induced sim-
ply by tuning the potential strength U0 or the lattice
shape Vm. At flux φ∗ = p/q per unit cell of the superlat-
tice, a Landau level splits into p sub-bands each with a
q-fold degeneracy. As the U0, Vm change, the subbands
can touch at q-fold Dirac points. Fig. 2 shows an exam-
ple at φ = 2/3, where three Dirac cones appear as the
total Chern number changes from C = 1 to C = −2.
In addition to forming the building block of our sub-
sequent fractional analysis, these integer-Chern number
changing transitions are interesting in their own right.
The multi-flavor character of the Dirac fermions will
have several experimental consequences, for example, in
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FIG. 2. Landau levels in the presence of a superlattice poten-
tial Eq. (8). We consider φ = 2/3,V1 = V2 = 1, V3 = V4 = 1.4.
The superlattice is projected into the N = 1 and N = 2
Landau levels with spacing ∆E12 = 1. Each Landau level
splits into 2 sub-bands, so that at n = 2/3 the 2 lowest sub-
bands are filled. (a) Chern number and gap versus potential
strength U0 at n = 2/3. (b) The band structure at the transi-
tion (U0 ≈ 0.79) shows 3 emergent Dirac cones which mediate
the transition between the C=1 and C=-2 insulators.
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FIG. 3. The lowest Landau level (LLL) under the square
lattice potential (Eq. (8)) with the magnetic flux density φ =
2 in one unit cell. We take V1 = V2 = 1, (a) V3 = V4 = 0
(b) V3 = V4 = 0.5, (c) V3 = V4 = 1.4. The upper panel
shows the potential pattern, and the lower panel shows the
band structure. The LLL splits into two sub-bands, the lowest
band has Chern number C = 1 when V3 = V4 > 0. Tuning
the potential pattern gives a nearly flat band as shown in (c).
Sec.V B we will discuss the electrical conductivity of these
transitions.
III. TRANSITION BETWEEN THE σxy = 1/3
FQH EFFECT AND A σxy = 2/3 FCI
In the presence of strong interactions, gaps can arise at
fractional C and s; these are the fractional quantum Hall
effects (C 6= 0, s = 0) and fractional Chern insulators
(C 6= 0, s 6= 0). Transitions between them are the main
focus of the rest of the paper.
A. Model
We begin with a concrete example: the transition
between a continuum C = 1/3 Laughlin state and a
C = 2/3 FCI. As before, we consider a flat continuum
Landau level with the addition of square superlattice
potential described in Fig. 3, but with the addition of
a Coulomb interaction. The transition will be driven
by the competition between the lattice amplitude U0
and the Coulomb scale EC . We consider flux density
φ = 2 and electron density n = 2/3, giving filling frac-
tion ν = 1/3. At U0 = 0, the electrons fill 1/3 of the LLL,
where interactions stabilize the ν = 1/3 Laughlin state
(C = 1/3, s = 0). When U0 > 0, the LLL splits into two
subbands, and when U0 is sufficiently strong, the lower
band, which carries C = 1, will be 2/3 filled, while the
upper band, with C = 0, will be empty. For appropriate
choices of Vm, the subbands are very flat (Fig. 3), i.e. the
bandwidthW of the subbands is small compared with the
gap ∆ between the subbands. Following the philosophy
of earlier lattice FCI studies (e.g. Ref. [13–16]), we ex-
pect an σxy = 2/3 FCI may appear (C = 2/3, s = −2/3)
for an appropriate ratio of U0/EC . Consequently U0/EC
may drive a direct phase transition between a σxy = 1/3
FQH state and the σxy = 2/3 FCI.
B. iDMRG Numerical Simulations
The existence of continuous transition needs further
substantiation since there might very well be a first or-
der transition or an intermediate phase. To this end we
use the iDMRG method [75, 76] developed for quantum
Hall problems in Refs. [77, 78]. We wrap the 2D sys-
tem onto a cylinder which is infinite along x-direction
but compact along y-direction, with circumference Ly.
The Coulomb interaction is taken to have the k-space
form V (k) = EC
2pi
k tanh(kd), where we take into account
metallic gates at a distance d which screen the Coulomb
interaction, as are present in recent experiments [11].
Here we fix d = 2a, twice the lattice spacing. At φ = 2,
a =
√
4pi`B , so we consider a cylinder of circumference
Ly = 9a ≈ 31.9lB . The Coulomb interaction strength
EC is fixed to EC = 1 while superlattice amplitude U0 is
increased from zero in increments of ∆U = 0.001. The
Hall conductivity is computed by measuring the change
of the charge polarization charge during adiabatic flux
insertion [79].
In Fig. 4, we observe a very sharp phase transition
between σxy = 1/3 and σxy = 2/3 phases driven by
U0. The correlation length peaks at the transition and
grows with the DMRG bond dimension “χ.” While finite-
circumference and DMRG accuracy effects make it diffi-
cult to conclusively identify whether the phase transition
is continuous or first-order, several observations are in
favor of a continuous transition. First, there is no dis-
continuity in the derivative of energy ∂E/∂U0 across the
phase transition. Second, unlike the first order metal-FCI
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FIG. 4. The DMRG simulation result of the electrons on
the infinite cylinder with circumference size Ly = 31.9lB . We
consider the LLL under a square lattice potential (Eq. (8))
with V1 = V2 = 1, V3 = V4 = 1.4, magnetic flux density (per
unit cell) φ = 2, electron density n = 2/3. We change the
strength of lattice potential U0 with a step size ∆U = 0.001,
with strength of the short-ranged coulomb interaction being
constant EC = 1. The blue line represents the change of Hall
conductivity, which is measured at bond dimension χ = 2000.
It shows a sharp direct transition between the σxy = 1/3
and σxy = 2/3 state at U0 ∼ 0.06. Red lines represent the
change of correlation length (in the unit of lattice constant
a in y-direction) with different bond dimensions χ. At the
phase transition point (U0 ∼ 0.06), the correlation seems to
diverge with the bond dimensions. The truncation error is
trun < 10
−6 at U0 = 0, trun ∼ 6× 10−5 at the critical point
and trun ∼ 4× 10−5 at the σxy = 2/3 phase.
transition in Ref. [80], the correlation length appears to
diverge on both sides of the transition, and at the tran-
sition it increases with the DMRG bond dimension χ as
would be expected from the theory of “finite entangle-
ment scaling” [81].
Though we have studied the square lattice potential
most extensively due to its numerical advantages, we note
that we observe an analogous transition for a triangular
lattice potential, again at φ = 2, n = 2/3. Therefore this
type of transition may be observable in the boron-nitride
/ graphene heterostructures realized in Ref. [11].
To further understand the nature of the phase transi-
tion, we will first analyze the possible critical theory us-
ing the composite fermion construction, which predicts
an emergent SU(3) symmetry. In Sec. V we provide
numerical evidence for this emergent SU(3) symmetry,
which can only arise if the transition is continuous.
C. Composite Fermion construction
To understand the two phases, the σxy = 1/3 FQH
state and a σxy = 2/3 FCI, as well as the transi-
tion between them, we use the composite fermion (CF)
construction.[12, 25, 66, 67] An extension of this theory
to the general case is discussed in Section IV A. The com-
posite fermion is formed by attaching two flux quanta to
each electron. The electron and CF Hall conductivities
are related by
σxy = σ
CF
xy /(1 + 2σ
CF
xy ). (9)
Thus the ν = 1/3 FQH state arises when the CFs form a
C = σCFxy = 1 integer QH state, while the σxy = 2/3 state
arises when the CFs have Chern number C = −2. So
from the perspective of CFs, the transition is a C = 1 to
C = −2 Chern-number changing transition. This transi-
tion arises for the same reason the lattice potential drives
such transitions for electrons: the CFs also experience a
lattice potential, µCF = UCF
∫
dr
∑4
m=1(V
CF
m e
ir·Gmnr+
h.c.), where the amplitude UCF ∝ U0 and the amplitudes
V CFm are some effective renormalized constants. Due to
flux attachment, the average flux seen by the compos-
ite fermions is φCF = φ − 2n = 2/3 per unit cell, e.g.,
they are at filling 1. Without the potential, the compos-
ite fermions fill their LLL (with C = 1), generating the
σxy = 1/3 FQH state. But once the potential strength
UCF is comparable to the composite fermion cyclotron
gap ωCF, the CF-bands can touch and the the Chern
number may change to −2, giving the σxy = 2/3 FCI
state, similar to the free fermion example discussed in
Fig. 2. Such a ∆C = 3 transition relies on the fact that
the CFs see flux φCF = 2/3 even while the electron flux
is φ = 2.
At the transition point, the composite fermions will
form three Dirac cones which are protected by the mag-
netic translation symmetry (since φCF = 2/3). The crit-
ical theory is
L =
3∑
I=1
ψ¯I(i/∂ + /a)ψI − 1
8pi
ada+
1
8pi
(a−A)d(a−A)
=
3∑
I=1
ψ¯I(i/∂ + /a)ψI − 1
4pi
Ada+
1
8pi
AdA. (10)
Here, ψI are the two-component Dirac fermions inter-
acting with a dynamical U(1) gauge field a which arises
from flux attachment. A Maxwell-like term for the gauge
field aµ is also present, which we suppress in the formal
Lagrangian for notational convenience. A is the probe
(external) gauge field which couples to the charge of the
electrons. For notational simplicity, we implicitly mea-
sure A and the electron density relative to their values
at the transition A∗, n∗; this could be made explicit as
in Eq. (3), to account for the change in “s,” but these
terms have no influence on the dynamics. The first two
terms are very similar to the free fermion case in Eq. (3)
(with C¯ = − 12 ), the only difference being that the Dirac
fermions are interacting with the dynamical U(1) gauge
field instead of a static background field. Meanwhile, the
third Chern-Simons term encodes the flux attachment
constraint.
7The transition theory is a pure QED3 with three flavors
of Dirac fermions. and the tuning transition parameter is
the mass term of composite fermions, m
∑
I ψ¯IψI . Once
the composite fermions are gapped, integrating them out
gives an effective theory depending on the sign of m:
L′ = m|m|
3
8pi
ada− 1
4pi
Ada+
1
8pi
AdA. (11)
After integrating out a, we obtain Leff =
3−sign(m)
6
1
4piAdA. Therefore the theory describes
the σxy = 1/3 phase for m > 0 and σxy = 2/3 phase for
m < 0.
Before closing this section we mention a technical
aside. Strictly speaking, we should write Eq. (10) a little
differently for it to be free of the parity anomaly. First
note, the flux attachment proceedure can be alternatively
formulated using a parton construction, writing the elec-
tron as c = bψ, here b is a gauge charged (and electri-
cally charged) boson. Putting the boson b in the ν = 1/2
Laughlin state is equivalent to attaching two flux quanta
to the electron c, and the fermionic parton ψ is then
nothing but the composite fermion. If we represent the
three current of b as d ∧ β/2pi, then we obtain:
L = LCF[a, ψ] + 1
2pi
(a−A)dβ − 2
4pi
βdβ (12)
Now we put the composite fermions ψ into a Dirac band
structure such as Fig. 2, we have
LCF[a, ψ] =
3∑
I=1
ψ¯I(i/∂ + /a)ψI − 1
8pi
ada (13)
The theory is now free of parity anomaly, and the Chern-
Simons terms are properly quantized. Finally ‘integrat-
ing out’ β will lead to Eq. (10). The last step requires
some care, but those finer points do not affect the dy-
namics of the transition.
IV. A FAMILY OF QED3-CHERN-SIMONS
THEORY WITH ARBITRARY DIRAC FLAVOR
A. Composite fermion construction for the
transition
The analysis above can be extended to a more general
framework for phase transitions between FCI states. In
general the CF is obtained by attaching k flux quanta
to the electrons, with k odd for bosons and k even for
fermions. After flux attachment, the CFs will see an ef-
fective flux density φCF = φ− nk, and still have particle
density n. FCIs arise when the composite fermions form
integer Chern-insulators satifying n = CCFφCF + sCF for
CCF, sCF integers.[12, 66] From these relations the frac-
tional C, s invariants of the electrons are related to those
of the CFs by
σxy = C =
CCF
kCCF + 1
, s =
sCF
kCCF + 1
. (14)
The phase transition between two states in the same
Jain sequence, with σxy = C1/(kC1 + 1) and σxy =
C2/(kC2 +1), is then understood as a CF Chern-number
changing transition from C1 to C2. As we discussed be-
fore, the Chern-number changing transition will be ac-
companied by a gap closing at which |C2 − C1| Dirac
cones emerge. The resulting effective theory for a transi-
tion is a straightforward generalization of Eq. (10):
L =
|C2−C1|∑
I=1
ψ¯I(i/∂ + /a−m)ψI + C2 + C1
8pi
ada
+
1
4kpi
(a−A)d(a−A). (15)
In general we have Nf = |C2 − C1| Dirac fermions
interacting with a Chern-Simon term at the level K =
(C2 + C1)/2 + 1/k. The Chern-Simons term in Eq. (15)
is not properly quantized when k 6= 1. As for Nf = 1
QED3, this can be fixed by declaring that only the
monopoles which create multiples of 2kpi flux are al-
lowed in the theory [52, 53]: in a bosonic theory (odd
k) the minimal monopole is a local boson which carries
integer Lorentz spin, while in a fermionic theory (even
k), the minimal monopole is a fermion with half inte-
ger spin. Alternatively, we may introduce an auxiliary
Chern-Simons field (bµ) and rewrite
1
4kpi (a−A)d(a−A)
as 12pi bd(a − A) − k4pi bdb [54]. This is similar to the par-
ton formulation of flux attachment discussed in previous
section. Or finally, we may redefine the gauge charge of
the Dirac fermions, a→ ka [82].
The mass term m is again the tuning parameter for
the phase transition. When m  1, integrating out the
ψI , a produces an FCI with σxy = C2/(kC2 + 1), while
for m −1, σxy = C1/(kC1 + 1). Tuning m to a critical
value (mc ∼ 0) results in a critical point between two
FCI/FQH phases, which we dub QED3-Chern-Simons
theory. When K = 0, the critical mc would be pinned to
exactly 0 by the emergent time-reversal symmetry (mi-
croscopically it is an emergent particle-hole symmetry).
For K 6= 0, the critical mass mc is finite and will depend
on microscopic details.
As we discussed before, a direct transition requires that
the other mass terms ψ¯iMijψj (M 6= Identity) are forbid-
den by the magnetic translation symmetry arising from
the fractional φCF = p/(C2 − C1) (with p and C2 − C1
being co-prime). In terms of the electron density n and
flux density φ, this constraint becomes
n = pC2/(C2 − C1) mod 1, (16)
φ = k · n+ φCF = p(kC2 + 1)/(C2 − C1) mod 1. (17)
Thus, to recover for example the σxy = 1/3 to 2/3 tran-
sition we set C1 = 1 and C2 = −2, which gives n = 2p/3
and φ = p (modulo integers). This is consistent with the
situation described in Section III A, where n = 2/3 and
φ = 2.
The other potentially relevant operator is the
monopole operator. Due to the mutual Chern-Simons
8term adA, the monopole operator carries non-zero elec-
trical charge. Therefore monopole operators are forbid-
den due to charge conservation, leaving the critical point
intact.
B. Pure QED3 theory with Nf flavors
We call theories without a Chern-Simons term for a
(K = 0) “pure” QED3. The family of critical theories
in Eq. (15) contains pure QED3 with any number Nf of
Dirac fermions, with Nf both even and odd.
Pure QED3 with odd-Nf = 2N + 1 is realized when
k = 2, C1 = −N − 1, C2 = N . Therefore it can appear
in a system made of fermions, with critical theory
L =
2N+1∑
I=1
ψ¯I(i/∂ + /a)ψI − 1
4pi
Ada+
1
8pi
AdA. (18)
This describes the transition between the σxy = N/(2N+
1) FCI and σxy = (N + 1)/(2N + 1) FCI, which are the
particle-hole symmetric partners in the fermionic Jain
sequence. The required CF flux is φCF = p/(2N + 1),
where p is co-prime with 2N+1. Meanwhile, the fermion
density is n ≡ C2 · φCF ≡ pN/(2N + 1) mod 1. Thus,
the magnetic flux in the original fermionic system is φ =
2 · n+ φCF = p mod 1, which is an integer.
When N = 0, the transition is between a σxy = 0
trivial state and a σxy = 1 CI. Here Eq. (18) reduces
to the vortex dual of a single free Dirac fermion [51–53].
N = 1 gives the Nf = 3 QED3 discussed in Sec III.
Pure QED3 with Nf -even is realized when k = 1, C1 =
−N−1, C2 = N−1. Therefore it can appear in a bosonic
system, with critical theory
L =
2N∑
I=1
ψ¯I(i/∂ + /a)ψI − 1
2pi
Ada+
1
4pi
AdA. (19)
This describes the transition between a σxy = (N−1)/N
FCI and a σxy = (N + 1)/N FCI, which are particle-hole
symmetric partners in the bosonic Jain sequence [83, 84].
To protect the transition the CFs must see flux φCF =
p/(2N), where p is co-prime to 2N . Meanwhile, the bo-
son density should be n ≡ C2 · φCF ≡ p(N − 1)/(2N)
mod 1. Thus, the magnetic flux in the original bosonic
system is φ = k · n+ φCF = 1/2 mod 1.
When N = 1, this theory reduces to the self-dual
Nf = 2 QED3 that describes the transition between the
σxy = 0 (Mott insulating phase) and the σxy = 2 bosonic
integer quantum Hall state [29, 30]. This transition can
be realized at φ = 1/2 and n = 1. Another interesting
case is N = 2, which describes the transition between
the σxy = 1/2 FCI and the σxy = 3/2 FCI. Nf = 4
QED3 also arises as the effective theory of a Dirac spin
liquid [47, 48]) . This transition arises at φ = 1/2 and
n = 1/4. Such a transition may be possible to realize
in a cold-atomic system (e.g. bosonic Harper-Hofstadter
model [12, 85]).
V. PHYSICAL PROPERTIES
A. Critical exponents in large-Nf limit
We now examine some of the physical properties of the
resulting critical theory which may be physically measur-
able. These properties depend on flavor number of Dirac
fermions Nf and the total Chern-Simons coefficient K
for a.
It is interesting to consider some limits of the critical
theory Eq. (15) in which one can hope for some quanti-
tative understanding. One familiar limit is the large-Nf
limit, in which Nf → ∞ while the ratio λ ≡ 8K/piNf is
held fixed. In this limit, one can calculate many critical
exponents and transport properties in a controlled man-
ner. Usually large-Nf is considered an artificial limit not
directly related to any physical system. Here, however,
theories with large Nf correspond to a sequence of quan-
tum critical points that in principle can be realized in ex-
periments. This opens the possibility of comparing well
established large-Nf theoretical calculations with future
experimental observations.
The scaling dimensions of fermion mass operators, to
leading nontrivial order in 1/Nf , can be calculated for
arbitrary λ [23, 38, 39, 46, 86] We find that the scal-
ing dimension of the SU(Nf ) adjoint mass operators in
Eq. (27), which correspond microscopically to the CDW
order parameters with momenta given by Eq. (28), is
given by Eq. (28), have scaling dimension
∆M = 2− 64
3pi2(1 + λ2)Nf
+O(1/N2f ). (20)
The SU(Nf ) singlet mass
∑
i ψ¯iψi, which is the operator
one tunes across the transition, has dimension
∆m = 2 +
128(1− 2λ2)
3pi2(1 + λ2)2Nf
+O(1/N2f ), (21)
which corresponds to
ν = 1 +
128(1− 2λ2)
3pi2(1 + λ2)2Nf
+O(1/N2f ). (22)
Some details of the calculation can be found in Ap-
pendix A. Notice that at O(1/Nf ), for λ < 1 the adjoint
mass is more relevant, while for λ > 1 the singlet mass
becomes more relevant. Of course, translation symmetry
prevents the appearance of the adjoint mass terms in the
Lagrangian.
The scaling dimension of monopoles has been calcu-
lated at the large-Nf limit for both λ = 0 [36, 44] and
λ 6= 0 [87]. In our critical theory, the minimal monopole
operator corresponds to the single electron or boson oper-
ator. Therefore, their scaling dimension may be detected
using STM spectroscopy, as will be discussed in more
detail in Sec. V D.
9B. Conductivity tensor
We consider the conductivity tensors σij at the critical
points, which are expected to take some universal values.
It is easy to calculate σij if Nf is large, in which case the
gauge field fluctuation is suppressed and an RPA-type
calculation (familiar in the context of composite fermi liq-
uid [27]) is enough to determine the results to sub-leading
order in 1/Nf . The electric conductivity tensor is given
by
σ =
1
k2
(σDirac +Kˆ)
−1
+
1
k
ˆ, (23)
where σDirac is the conductivity tensor of the Dirac
fermions, and ˆ is the antisymmetric tensor with xy = 1
and recall that k is the number of statistical flux quanta
attached to the composite fermion. If we neglect gauge
fluctuation beyond the RPA order (justified if Nf is suf-
ficiently large), then we can replace σDirac by its free-
fermion value σFD. The full conductivity (in unit of
e2/h) tensor will then be
σxx =
1
k2
NfσFD
(NfσFD)
2
+K2
,
σxy =
1
k
− 1
k2
K
(NfσFD)
2
+K2
. (24)
The actual value of σFD, in the scaling regime with short-
range disorder, is a universal function of the two ratios
ω/η and T/η, where η is the effective elastic scattering
rate of the Dirac fermions [88]. In the optical limit ω 
T  η, σFD = pi/8. In the DC limit (ω = 0) at low
temperature T  η, σFD = 1/pi – this result, however,
should be taken with caution since at low temperature,
disorder may become relevant and eventually drive the
critical point away from the clean limit (see, for example,
Ref. [89]).
Notice that if K = 0, then σxy = 1/k is an exact
result due to an emergent particle-hole (or time-reversal)
symmetry of the critical theory. Finally, notice that at
the free fermion transition,
σ = ∆CσFD + C¯ˆ, (25)
where ∆C is the change of total Chern number and C¯ is
the average of Chern numbers of the two nearby states.
C. Emergent SU(Nf ) symmetry and charge-density
waves
The Lagrangian in Eq. (15) apparently has an emer-
gent SU(Nf ) flavor symmetry which rotates the Dirac
fermions:
ψI → UIJψJ , (26)
where U ∈ SU(Nf ). Such a symmetry is absent micro-
scopically – the magnetic translation symmetry acts on
the continuum fermion fields as a subgroup of the SU(Nf )
flavor group (Eq.(7)). Therefore terms that violate the
SU(Nf ) symmetries (but preserve the magnetic transla-
tion symmetry) are allowed. Such terms at lowest order
contain four-fermion fields. The emergence of the flavor
SU(Nf ) symmetry at the fixed point requires the irrel-
evance of such four-fermion terms, which is true if Nf
is sufficiently large [38]. The exact value of a critical Nf
(as a function of K) is not known. In the following, we
will assume that Nf is not too small and the SU(Nf )
symmetry does emerge in the deep infra-red, and obtain
consequences of this enlarged symmetry.
Following the spirit of Ref. [38], the emergent SU(Nf )
symmetry relates many operators with very different
microscopic origins. The simplest such gauge-invariant
operators are the fermion mass bilinears that form an
SU(Nf ) adjoint representation:
ψ¯IMIJψJ , (27)
where M is an Nf × Nf invertible traceless Hermitian
matrix. There are in total N2f − 1 independent mass bi-
linears in the SU(Nf ) adjoint representation. The emer-
gent SU(Nf ) symmetry implies they all have the same
scaling dimensions ∆M . What do these operators corre-
spond to microscopically? Assuming the CFs transform
under translation as in Eq. (7) [90], it is straightforward
to see that these operators transform nontrivially under
translation symmetry, since the Dirac cones are at dif-
ferent momenta. Notice that since the mass bilinear op-
erators do not carry a physical electric charge, they do
not see any magnetic flux. Thus, they will transform un-
der the usual translation symmetry (Z× Z) rather than
the magnetic translation symmetry. Following Eq. (7) we
find that the bilinears carry lattice momenta
(kx, ky) =
(
2pinx
Nf
,
2piny
Nf
)
,
nx, ny ∈ {0, 1, ...Nf − 1}, (kx, ky) 6= (0, 0), (28)
and there are exactly N2f − 1 different momenta of the
CDW order parameter, matching the number of indepen-
dent SU(Nf ) adjoint mass operators. We therefore inter-
pret the SU(Nf ) adjoint mass operators as charge-density
wave (CDW) order parameters ρ(kx,ky) at different mo-
menta. Alternatively, notice that the mass operators pre-
serve translations by Nf unit lengths in either the xˆ or
yˆ direction. So these operators transform under the quo-
tient group (Z×Z)/(NfZ×NfZ) = ZNf×ZNf , for which
there are exactly N2f − 1 different nontrivial representa-
tions. The mass matrix for the CDW order parameter
indexed by nx, ny is MIJ = δI−J,nx exp(iny2piI/N) in
the gauge used in Eq. (7).
In principle, one can turn on an additional symmetry-
breaking periodic potential V~k at the special momenta
of Eq. (28) and measure the resulting response in the
CDW order parameter ρ~k. The emergent SU(Nf ) sym-
metry implies that near the critical point the universal
part of the response will be identical for all of the N2f −1
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momenta in Eq. (28). More specifically, near the tran-
sition we expect a linear response ρ~k = χ~kV~k where the
susceptibility χ~k diverges as χ~k ∼ |m − mc|−γ~k as one
approaches the critical point at mc. From the emer-
gent SU(Nf ) symmetry, the exponents γ = γ~k of the
special momenta are identical. Exactly at the critical
point, we have ρ~k ∼ (V~k)1/δ~k , where the δ = δ~k of the
special momenta are identical. One can also measure
the response slightly away from the special momenta:
~k = 2piNf (nx, ny) + ∆
~k. Then one expects a linear re-
sponse with χ~k ∼ |∆~k|2∆M−3, again with identical expo-
nents for all (nx, ny), where ∆M is the scaling dimension
of the adjoint mass operator. The standard scaling re-
lations among these exponents are δ = (3 − ∆M )/∆M
and γ = ν(3 − 2∆M ), where ν is the correlation length
exponent. If ∆M > 3/2 (as is the case for large Nf ),
one should include a smooth non-universal piece into the
susceptibility which may numerically dominate over the
universal singular piece. In this case the smooth part of
the response must be subtracted to probe the universal
physics.
1. Numerical evidence for the emergent symmetry
We return to the iDMRG results of Sec. III to look
for evidence of an emergent SU(Nf ) symmetry. Since
Nf = 3, the critical theory will have 8 adjoint mass terms
which can be probed by the Fourier-transformed elec-
tron density ρ~k for
~k ∈ Λ, where Λ = {( 2pinx3 , 2piny3 )}
are the special momenta. To isolate these operators,
we suppose the real space density ρ(r) has a decomposi-
tion of the form ρ(r) =
∑
~k∈Λ e
i~k·~rρ~k(r) + · · · , where the
ρ~k(r) vary slowly over the lattice scale and the neglected
terms decay more rapidly. In the 2D limit, the emergent
SU(3) symmetry can then be probed by the equal-time
correlation function C~k(r) = 〈ρ−~k(r)ρ~k(0)〉. At the pu-
tative critical point, C~k should show a power-law decay
C~k(r) ∝ r−2∆~k . The non-trivial prediction of SU(3) sym-
metry is that the scaling dimensions ∆~k of the 8 distinct
~k 6= 0 momenta are identical.
However, the interpretation of our numerics is com-
plicated both by the finite circumference of the cylinder
and the finite accuracy of the DMRG (as characterized
by the bond dimension)[91], introducing a length scale
which cuts off the correlations. At long distances along
the cylinder, the correlation functions will instead de-
cay exponentially with correlation lengths ξ~k. Luckily
we can also use these correlation lengths to probe the
emergent SU(3) symmetry. If the DMRG is sufficiently
accurate, the only length scale at the critical point is
the circumference of the cylinder L, and hence conformal
invariance requires ξ~k = L/α~k + O(L0) for some coeffi-
cients α~k. Using the putative conformal invariance, we
can exchange the role the infinite spatial direction and
time (x ↔ τ) to reinterpret the equal-time correlation
functions of the cylinder as a two point function in imag-
FIG. 5. Correlation length spectra of operators carrying
zero electric charge and crystal momenta ~k in three different
regimes: (i) σxy = 1/3 FQH phase (ii) Critical point (iii)
σxy = 2/3 FCI phase. The spectrum is obtained from simu-
lations with DMRG bond dimension χ = 6000. The color bar
represents the inverse of correlation length 1/ξ. Note that we
have a finite circumference size Ly = 9 in the units of the lat-
tice constant, so the ky take discretized values ky = 2pin/Ly,
n = 0, 1, . . . Ly − 1. At the critical point, the correlation
lengths at the eight momenta (kx, ky) = (2pinx/3, 2piny/3) 6=
0 are the largest and identical. These modes correspond to
the eight SU(3) adjoint mass terms. Numerically, correlation
lengths at other k-points have at least twice smaller corre-
lation lengths at χ = 7000, and increase much slower under
entanglement scaling compared to correlation lengths at these
eight momenta. The spectra at the σxy = 1/3 and 2/3 phases
have no additional symmetries other than two reflections (kx
and ky) inherent to the simulation. In the case of σxy = 2/3,
one may notice there are also eight points with almost identi-
cal correlation lengths near aforementioned eight special mo-
menta. However, i) they deviate from the exact momenta of
SU(3) adjoint mass terms, and ii) their correlation lengths are
not well separated from correlation lengths of other k-points,
e.g. (kx, ky) ∼ (±2pi/3,±4pi/9).
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inary time, C~k(τ = 0, x, y) = C~k(x/v, 0, y), where v is a
velocity. In this alternative view, vξ−1~k is the energy of
the lowest-energy excited state carrying the correspond-
ing quantum number [92]. If there is an emergent SU(3)
symmetry, these states must transform under the adjoint
representation of SU(3), and hence we should find the
“energies” ξ~k are identical.
One can readily obtain the correlation lengths ξ~k along
the cylinder using the DMRG “transfer matrix tech-
nique” [91, 93]. Fig. 5 shows the dominant correlation
lengths ξ of charge-neutral operators that carry the crys-
tal momenta ~k. At the critical point, the eight ~k 6= 0 ∈ Λ
are found to have nearly the same correlation length.
Microscopically, there is no symmetry reason for these
ξ~k to be similar (except as four pairs related by the in-
version symmetry). These eight points have the small-
est ξ−1 ∼ 0.5 (largest ξ), with the next smallest value
1/ξ ∼ 1.1 located at ~k = (0, 0), which presumably cor-
responds to the SU(3) singlet mass term. We take the
near-equality between the eight ξ~k 6=0 which are never-
theless distinct from ξ~k=0 as evidence for the emergence
of SU(3) symmetry. Moreover, the large-Nf calculation
of the scaling dimensions in Eq. (20),(21) agrees with
our observation that the SU(3) singlet mass term decays
faster (smaller ξ) than the SU(3) adjoint mass terms as
∆m > ∆M . Once we tune away from the critical point
(Fig. 5), the correlation length becomes smaller and there
is no emergent SU(3) symmetry.
D. Magnetic monopoles
In compact QED3, magnetic monopoles which insert
2pi units of flux of the emergent gauge field represent an
fundamental class of local operators which, unlike other
gauge invariant operators such as fermion bilinears, can-
not be written as polynomials of the fields. Nevertheless
they correspond to local operators. While we have pre-
viously shown that fermion bilinears ψ¯Mψ correspond
to CDW order at different wave vectors, in this section
we identify the physical operators corresponding to mag-
netic monopoles. In fact, for the theory that describes
the σxy = 1/3 to σxy = 2/3 transition we argue that
they correspond to the electron creation/destruction op-
erator, which can be measured by experimental probes
like Scanning Tunneling Microscopy (STM).
Consider a general strength-q monopole which creates
2qpi flux of the U(1) gauge field aµ, in a theory with Nf
massless Dirac fermions and Chern-Simons level K. To
avoid the parity anomaly in conventional QED3-Chern
Simons theories, Nf/2+K must be an integer [36]. How-
ever, as discussed at the end of Section III C, we will dis-
cuss seemingly anomalous theories where Nf/2 + K =
1/k, mod 1, which are consistent as long as the allowed
monopoles have strength that in multiples of k. A partic-
ularly simple picture of monopole operators arise in the
large Nf limit in the radial quantization picture, where
one considers Dirac fermions on the surface of a sphere
pierced by 2piq units of magnetic flux [36, 44, 87]. The
magnetic flux gives rise to q zero modes for each fermion
species. If K = 0, gauge invariance demands that we fill
half of these zero modes. Below we will specialize to the
case of the σxy = 1/3 to σxy = 2/3 transition, for which
Nf = 3, K = 0 and the allowed monopoles have strength
that are multiples of k = 2. The generalization to other
transitions will be discussed elsewhere.
First, let us determine the spin, statistics and global
symmetries transformation properties of the monopole
operators with strength k = 2. Note, this leads to
two zero modes (labeled m = ±1), which transform as
spinors under rotation, for each of the Nf = 3 flavors
(a = 1, 2, 3). Filling half of these six zero modes implies
there are 6C3 = 20 monopole operators which can be
written as ψ†m1a1ψ
†
m2a2ψ
†
m3a3 |vacc〉. Importantly, these
are fermionic operators as can be seen from their half
integer spin, and as discussed in [52, 53]. Furthermore
they carry unit charge under the global U(1), as can be
seen from the mutual Chern-Simons term in Eqn. (11).
Clearly, the only physical local operator that is a charged
fermion is the electron. Finally let us discuss the trans-
formation of the monopoles under the SU(Nf = 3) fla-
vor symmetry and Lorentz spin of the 20 strength−2
monopoles which are determined from the pattern of fill-
ing of the zero modes. After some algebra, the monopoles
can be grouped into two categories: i) Adjoint of SU(3),
Lorentz spin S = 1/2; ii) Singlet of SU(3), Lorentz spin
S = 3/2. As a consistency check, note that the SU(3) ad-
joint rep has dimension D = 8, and the singlet of SU(3)
has dimension D = 1. Combining this with the 2S + 1
spin degeneracies, we recover 2 × 8 + 4 = 20 monopoles
in total. In the large-Nf limit [36, 44], the strength-
2 monopole has scaling dimension 0.673Nf . By naively
taking Nf = 3, we get a scaling dimension ∆ ≈ 2.019.
The degeneracy between the 16 adjoint and the 4 sin-
glet monopoles will split with higher order correction in-
cluded. (We note that the 1/Nf correction obtained in
Ref. [44] may not apply here.)
The existence of 16 + 4 electron-like monopole opera-
tors has some interesting experimental consequences, so
we analyze their relation to the electron in further detail.
The local electron operator c should have overlap with all
symmetry-allowed local operators of the CFT, leading to
a decomposition of the general form
c(x) =
∑
α
uα(x)e
ikαxMα(x) + · · · (29)
Here Mα(x) runs over the 20 4pi-monopoles, uα(x) is a
periodic function within the unit cell, and kα is the lat-
tice momentum of monopole α. The lattice symmetries,
specifically the magnetic algebra and a possible Cn sym-
metry, will place some interesting constraints on the uα
and kα. To find these constraints we must work out how
the lattice symmetries act on the monopoles. The micro-
scopic lattice symmetries will act as a subgroup of the
larger emergent (Lorentz×SU(3) × U(1)flux) symmetry.
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Specifically, under a lattice symmetry R, a monopole will
transform under the general form
R : M†S,m,a → LS,m(R)Ua,b(R)eiθ(R)M†S,m,b. (30)
The monopoles are labeled by their IR quantum numbers,
namely Lorentz spin S, the spin index m = −S,−S +
1, · · · , S and SU(3) flavor indices a, b. The first term
LS,m represents the Lorentz transformation, which may
depend on the Lorentz spin and spin index. The second
term Ua,b represents the SU(3) transformation. The last
term eiθ(R) represents the U(1)flux transformation, which
comes from a Dirac sea contribution [48, 94, 95]. There-
fore, it is independent of the Lorentz spin and SU(3)
index.
We will consider the lattice translations along two
primitive directions of a lattice (T1 and T2) as well as
the lattice rotation Cn. We assume they embed into the
Lorentz part as the usual Euclidean space group,
LS,m(Ti) = 1, LS,m(Cn) = e
i2pim/n. (31)
For the SU(3) flavor rotation, since we only have SU(3)
singlet and adjoint monopoles, they are in the same
SU(3)-reps as the bilinear masses discussed in Sec. V C.
Specifically, we have U = 1 for the SU(3) singlet
monopole, and for the SU(3) adjoint monopole we have
Ua,b(T1) = δa,be
ik1,a , Ua,b(T2) = δa,be
ik2,a , (32)
where the eight members of the adjoint representation are
labeled by the “momenta” (k1,a, k2,a) = {( 2pin13 , 2pin23 )}
with (n1, n2) 6= 0 and a = 1, 2, · · · , 8. The Cn must act
on these just like they would on momenta in the Brillouin
zone. Specifically, for C4 (square lattice) or C6 (triangu-
lar lattice), and an appropriate ordering of a = 1, · · · 8
U(C4) =

0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0

, (33)
and
U(C6) =

0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0

, (34)
At last, we need to work out the phase factor θ(R)
from the U(1)flux rotation. Physically it comes from the
contribution of Dirac sea, which can be determined nu-
merically (e.g. see Ref. [94, 95]). Usually θ(R) can only
take quantized values due to the symmetry constraint.
Specifically, on the square lattice we have
T2C4 = C4T1, (35)
T1C4 = C4T
−1
2 , (36)
(C4)
4 = 1. (37)
On the triangular lattice we have,
C6T2 = T
−1
1 C6, (38)
T2C6 = C6T1T2, (39)
(C6)
6 = 1. (40)
The monopoles are local electron operators seeing inte-
gral flux, so they should satisfy the above algebraic rela-
tions. Based on the transformation of the SU(3) singlet
monopole, we will have
θ(Ti) = spi, θ(C4) =
(2n+ 1)pi
4
(41)
on the square lattice. Here s and n are integers that can
be determined numerically. Similarly on the triangular
lattice, we have
θ(Ti) = 0, θ(C6) =
(2n+ 1)pi
6
. (42)
1. Experimental consequences
With the symmetry properties of the monopoles in
hand, we are ready to discuss their experimental detec-
tion. Since the electron can be expanded in monopole
operators (See Eq. (29)), any measurement sensitive to
the electron Green’s function will probe the two-point
function of the monopoles. For energy resolved spectro-
scopies, such as STM and ARPES, each monopole will
contribute an energy dependence of the form E2∆α−1,
where ∆α is its scaling dimension. In our case, there
are two such dimensions, corresponding to SU(3) singlet
and adjoint monopoles, which may be quantitatively sim-
ilar. So it would be particularly spectacular if symmetry
could be used to impose selection rules whereby the two
dimensions can be measured separately.
We first consider a momentum resolved spectroscopy
such as ARPES (or more relevant to heterostructures,
planar tunneling [96]), which probes the spectral func-
tion A(E, k). Following Eq. (29), A(E, k) will contain a
singular component from each monopole with momentum
k = kα, which is just the action of T1/2 on the monopole.
On the triangular lattice, the low-energy spectral weight
will peak at (k1, k2) = {( 2pin13 , 2pin23 )}: (n1, n2) = (0, 0)
corresponds to the S = 3/2, SU(3) singlet monopoles,
while the other 8 momenta correspond the the S = 1/2,
SU(3) adjoint monopoles. So momentum perfectly un-
ravels the two exponents: A(E, k = 0) ∝ E2∆S=3/2−1,
while A(E, kα 6= 0) ∝ E2∆S=1/2−1. On the square lattice,
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the results are similar except that the relevant momenta
may have a shift of (pi, pi) coming from the contribution
θ(Ti) = pi in Eq. (41). The 8 distinct momenta should
again be degenerate, giving another way to detect the
emergent SU(3) symmetries.
The second option is to use STM spectroscopy. At
a generic point, the STM will couple to both types of
monopoles, so that dIdV ∼ aV 2∆3/2−1 + bV 2∆1/2−1 + · · · .
However, if the STM is above a position with point-group
symmetry (a “Wyckoff position”), then the STM will
only measure monopoles with zero lattice angular mo-
mentum about the point (these extinctions arise from the
constraints Cn imposes on the uα(x) of Eq. (29)). Com-
bining the results of LS,m(Cn), U(Cn) and θ(Cn), we find
that the 16 SU(3) adjoint monopoles (with S = 1/2) will
always contain both zero and finite angular momentum
monopoles, regardless of whether we consider the trian-
gular or square lattice, so their scaling dimension will
always manifest in dIdV . The 4 SU(3) singlet monopoles
(with S = 3/2), on the other hand, may or may not
contain zero angular momentum monopoles - specifically,
they will not on the triangular lattice if n = 2, 3 in
Eq. (42). This case would be particularly convenient as
the ∆3/2 contribution to
dI
dV would vanish above these
high-symmetry points.
In the presence of dilute impurities, STM can also
be used to analyze the wavevectors present in the re-
sulting Friedel oscillations. Analyzing this “quasiparti-
cle inference”[97] would be another way to obtain a k-
resolved monopole spectroscopy.
VI. CONFINEMENT TRANSITION OF THE 1/2
LAUGHLIN STATE: APPLICATION OF
LEVEL-RANK DUALITY
Some of the critical theories in Eq. (15) may enjoy a
further enhanced symmetry. One example is the phase
transition between the bosonic ν = 1/2 Laughlin state
and a trivial insulating phase. This transition can be
described by QED3-Chern-Simons theory with C1 = 0,
C2 = 1 and k = 1 [23, 28],
L = ψ¯(i/∂+/a)ψ+ 3
8pi
ada− 1
2pi
Ada+
1
4pi
AdA−mψ¯ψ. (43)
The critical theory has a bosonic dual [54, 55], which
is [22]
L = |(∂µ−ibµ)φ|2− 2
4pi
bdb+
1
2pi
Adb−m|φ|2−u|φ|4. (44)
Here φ is a O(2) scalar, and b is a U(1) dynamical gauge
field. Since φ itself carries an unit charge of the gauge
field b, φ can be understood as the semionic quasipar-
ticle of the 1/2 Laughlin state. Tuning the mass term
m|φ|2 gives two phases and transition: i) For the posi-
tive mass, the semions are gapped and we get the 1/2
Laughlin state. ii) For the negative mass, the φ are con-
densed and the gauge field b is Higgsed, giving rise to a
trivial insulating state.
At face value, the above two critical theories only have
a U(1) symmetry, the flux conservation of the dynami-
cal gauge field (microscopically, the number conservation
of bosons). However, it was conjectured that they may
have an enlarged SO(3) symmetry [69]. It is based on
the conjectured level-rank duality [68], namely those two
theories may be dual to a SU(2) Chern-Simons theory,
L = Ψ¯(i/∂ + /α+ /A/2)Ψ + 1
8pi
(CS[α]) +
1
16pi
AdA−mΨ¯Ψ.
(45)
Here we have a SU(2) fundamental Dirac fermion Ψ cou-
pled to a level-1/2 SU(2) Chern-Simons gauge field αµ.
Aµ is a U(1) probing field. CS[α] is a shorthand for
µνρtr
(
αµ∂ναρ +
2
3αµαναρ
)
, which is 4pi times the SU(2)
Chern-Simons term of αµ with level-1. By tuning the
mass of Dirac fermions, one would either get a SU(2)1
Chern-Simons theory or zero Chern-Simons: the former
corresponds to the 1/2 Laughlin state [98] while the latter
corresponds to a trivial insulating phase.
All the three theories can describe the transition from
the 1/2 Laughlin state to a trivial insulator. Therefore,
one would conjecture they are dual to each other. Fur-
thermore, one would expect the first two theories have an
enhanced symmetry (rather than a naive U(1) symme-
try), since the last one has a manifest SO(3) symmetry
–the Dirac fermion Ψ forms a fundamental representa-
tion of both the SU(2) gauge symmetry and the SO(3)
global symmetry. This duality and symmetry enhance-
ment were already conjectured in Ref. [69], and here we
take one step further to identify the relation among op-
erators in three different theories,
ψ¯ψ ∼ |φ|2 ∼ Ψ¯Ψ, (46)
∇× a ∼ ∇× b ∼ Ψ¯σµΨ (47)
Maψ† ∼Mb(φ∗)2 ∼ ΨT (σµσy ⊗ τy)Ψ (48)
TheMa (Mb) is the bare monopole that creates 2pi flux
of the gauge field aµ (bµ). Due to the Chern-Simons
term, one should attach ψ† ((φ∗)2) to the monopole in
order to have a local (gauge neutral) object (for instance
see Ref. [87]). σµ=1,2,3 are Pauli matrices acting on the
Dirac index, while τy acts on the gauge index.
The first line (Eq. (46)) is the mass term that tunes
through the phase transition, and is a scalar under
the SO(3) (and Lorentz) symmetry. The second line
identifies the flux in the U(1) gauge theory with the
gauge-invariant density and current of Ψ fermions in
the SU(2) gauge theory. In the third line, we have
the monopole operators in the U(1) gauge theory dual
to the pairing amplitude and current of Ψ fermions in
the SU(2) gauge theory. To understand the last equa-
tion, we should realize that due to the Chern-Simons
term, the monopole operators are carrying Lorentz spin-1
(hence they have three complex components). Moreover,
(∇×a,Re(Maψ†), Im(Maψ†)) forms a SO(3) vector, and
they are the conserved current of the conformal field the-
ory, whose scaling dimension is precisely 2.
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We expect that the operators in Eq. (46)-(48) are the
ones with lowest scaling dimension. Therefore, they will
give the dominate contribution to the physical operator
correlation functions. Since the boson creation (or den-
sity) operator has the same global quantum number as
the monopole (or flux) operator, we will have
b†0br ∼ 1/r4, n0nr ∼ 1/r4. (49)
Therefore, in a bosonic system with only particle con-
servation, the critical point would enjoy an enlarged
SO(3) symmetry that makes the boson creation oper-
ator to be degenerate with the boson density operator.
The above results may be tested in numerical simulations
or experiments. We remark that the SO(3) symmetry is
most transparent in the chiral spin liquid system [99–103]
where it is nothing but the spin rotation symmetry (The
SU(2) gauge theory can be constructed from a SU(2)
parton construction [98]). In this context, the spin oper-
ator ~S has scaling dimension 2, while the dimer operator
~S0 · ~S1 corresponds to the mass term in Eq. (46).
VII. EXPERIMENTAL REALIZATION
In this section we briefly describe the experimental
setup for FCI transitions, and the scenario we believe is
simplest to realize. The required ingredients are Landau
levels and a tunable periodic potential, which are already
available in experiments. There is no particular type of
tunability required, e.g., one could change the detailed
form of the superlattice Vm, the Landau level spacing,
or various pseudospin Zeeman fields, but conceptually it
is simplest to tune the overall strength of the potential
(U0 in our model). Then i) for small potential strength,
the system realizes a conventional FQH state that has
electrons partially filling the lowest Landau level; ii) for
large potential strength, the Landau level splits into sub-
bands, and the electrons may partially fill a sub-band,
yielding a FCI state. A phase transition between the
FQH and the FCI could then be expected at a critical
potential strength, as found in our numerics. An experi-
mental setup with a tunable potential strength has been
realized recently in Refs. [7, 64], where a range of U0/Ec
can be realized.
The existence of a transition can be diagnosed from
the behavior of the gap in a Wannier plot, as in Fig. 1. If
two experimentally observed (C, s) trajectories intersect
at n∗, φ∗, one or both with fractional C, and the pair
exchange stability as the potential strength is tuned, then
QED3 may describe the transition. To fall within our
QED3-Chern-Simons analysis, the two gaps should be
attributable to states in the same Jain sequence (e.g.,
the same k), and for pure QED3, the two states should
be particle-hole conjugates (σxy = p/(2p+ 1)–σxy = (p+
1)/(2p + 1)). We describe the n∗, φ∗ where they might
appear in Appendix B 2.
While the numerical results we have presented thus far
were for a FQH-FCI transition, experimentally a FQH-
0.00 0.01 0.02 0.03 0.04 0.05 0.06
Potential Strength U0
0.2
0.4
0.6
0.8
1.0
Ha
ll C
on
du
ct
ivi
ty
 (e
2 /h
)
Phase transition from σxy = 1/3 to σxy = 1
1
2
3
4
5
6
7
Co
rre
lat
ion
 Le
ng
th
 in
 a
yχ = 6000
χ = 7000
FIG. 6. The DMRG simulation result on infinite cylinder
geometry with circumference size Ly = 24.6lB . φ = 3/2,
n = 1/2, V1 = V2 = 1, V3 = V4 = 1.6 while changing the
potential strength U0. Blue line represents the change of Hall
conductivity, which is measured at bond dimension χ = 2000.
Red lines represent the change of correlation length with bond
dimensions χ = 6000, 7000.
ICI (Integer Chern Insulator) transition may be a sim-
pler initial target, since ICI states are more stable and
easy to realize in experiment. For example, consider a
transition between σxy = 1/3 FQH and σxy = 1 ICI,
which can occur at flux density φ∗ = 3/2 and elec-
tron density n∗ = 1/2, with the same potential as in
the FQH-FCI transition of Sec. III. For small U0 the
σxy = 1/3 FQH state is realized. For large U0, the LLL
splits into three sub-bands, and the electrons completely
fill the lowest sub-band whose Chern number is 1. So
U0/EC is expected to tune between the two, realizing
Nf = 2,K = 1/2 QED3-Chern-Simons described further
in Appendix B 1. We have also carried out iDMRG sim-
ulations to confirm the above scenario. In Fig. 6, we
observe a sharp transition across the value of U0 ∼ 0.03,
where the Hall conductivity changes from 1/3 to 1 and
the correlation length increases with bond dimension χ.
As in the case of the transition between σxy = 1/3 FQH
and σxy = 2/3 FCI, numerical evidence supports a con-
tinuous transition.
VIII. SUMMARY AND DISCUSSION
Motivated by the recent experimental realization of
FCIs in graphene heterostructures, we have shown how
phase transitions between different FCIs induced by
changing the lattice potential can be used to realize the
whole family of QED3-Chern-Simons theories. A key in-
gredient is that the magnetic algebra of the microscopic
model can be used to realize multiple symmetry related
Dirac fermion flavors (Nf > 1) without further fine tun-
ing. At the critical point, this leads to an emergent
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SU(Nf ) symmetry which can be diagnosed from the elec-
tron compressibility at finite momentum.
We hope our work will stimulate further investiga-
tion of QED3-Chern-Simons theory. For example, previ-
ous literature has mostly focused on the situation where
Nf/2+K is an integer due to the parity anomaly [36, 87].
Nevertheless, it has now been realized that this con-
straint can be relaxed: Nf/2 + K can be a half in-
teger, or other fractions. Mathematically, the parity
anomaly can be avoided by either forbidding certain
monopole operators [52, 53], by introducing an auxil-
iary topological Chern-Simons term [54], or redefining the
gauge charge of Dirac fermions [82]. This new sequences
of “pseudo-anomalous” QED3-Chern-Simons theory have
rarely been investigated [82]. The critical theories which
are straightforward within the proposed experimental re-
alization have Nf/2 + K half integer. For example, the
transition we studied in Sec. III (between the σxy = 1/3
state and σxy = 2/3 state) has Nf = 3 and K = 0. It will
be interesting to have a better theoretical understanding
of these theories.
Another interesting direction is to understand the
properties of monopoles in QED3-Chern-Simons the-
ory [36, 44, 45, 87]. As discussed, the monopole is noth-
ing but the electron, so the scaling dimensions of the
monopoles can be detected using standard spectroscopic
techniques such as STM. On the other hand, there are
also opportunities to explore those critical theories under
the deformation of adding monopole terms. For a given
Nf ,K QED3-Chern-Simons theory, if the monopole op-
erators proliferate (condense), will the theory flow to a
symmetry breaking state, a topologically ordered state,
or a new CFT [58]? In the context of the FCI transition,
monopole proliferation may be achieved by proximity to
a superfluid or superconductor.
In the current work we have not addressed the effect
of the long-range Coulomb interaction and disorder. In
graphene heterostructures, the long-range Coulomb tail
is screened by the proximity to metallic gates, so can
likely be ignored. Disorder, however, will be present.
While the underlying graphene, as well as moire super-
lattices, are extremely pristine, the most tunable super-
lattice architecture, gate-patterning, [7] will likely prove
much dirtier. However, in contrast to the conventional
quantum plateau transition, here it is the lattice potential
rather than disorder which enables a direct transition be-
tween different plateaus. Therefore, the disorder may be
ignored when the temperature is larger than the effective
scattering rate. Nevertheless it is physically interesting
to consider the effect of Coulomb interactions and/or dis-
order. These perturbations may be marginal in the UV,
and become either marginally relevant or irrelevant in the
deep IR. Once the perturbations are relevant, the criti-
cal theory will lose conformal invariance and flow into
another fixed point. The new fixed point could either
correspond to a gapped state or a metallic state. The
answer to these questions will depend on the details (i.e.
Nf and K), and our understanding is incomplete even in
the large−Nf limit [24, 89, 104]. These questions are left
for future work.
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Appendix A: Details of the large-Nf calculation
The calculation will largely follow Ref. [38, 39]. The
only modification is on the photon propagator due to the
Chern-Simons term.
We assume large Nf and k, with the ratio λ =
8k
piNf
fixed. The effective Euclidean Lagrangian of the the
gauge field aµ, at leading order in 1/Nf , is given by
L[aµ] = Nf
16
|q||~a(q)|2+ k
4pi
ρµνqρaµ(q)aν(−q)+Nf
ξ|q| (~q·~a)
2,
(A1)
where the first term comes from the one-loop contribu-
tion from the Dirac fermions, the second term is the
Chern-Simons term, and the last term is a (non-local)
gauge-fixing term. The original Maxwell term is irrele-
vant and omitted.
We can now choose a convenient ξ (Feynman gauge)
to make the photon propagator of the following form:
=
16
Nf (1 + λ2)
[
δµν
|q| −
λ
q2
qρρµν
]
. (A2)
The fermion line and the vertex are standard:
=
/k
k2
, (A3)
= −γµ. (A4)
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At order O(1/Nf ), fermion self-energy is given by
Σ0(k) =
k + q
q
=
8
3pi2Nf (1 + λ2)
/k ln(|k|/Λ),
(A5)
where only the logarithmically divergent part is kept and
Λ can be viewed as the UV cutoff (the exact meaning
depends on regularization scheme and is not important).
Now consider turning on an SU(Nf )-singlet mass per-
turbation
= im. (A6)
The diagrams relevant for calculating its scaling di-
mension at O(1/Nf ) are
Σ1(k) = = − 24
pi2Nf (1 + λ2)
(im) ln(|k|/Λ),
(A7)
and
Σ2(k) = +
=
64(1− λ2)
pi2Nf (1 + λ2)2
(im) ln(|k|/Λ). (A8)
The scaling dimension ∆ms can then be extracted fol-
lowing standard procedure:
∆ms = 2−
64
3pi2(1 + λ2)Nf
+
64(1− λ2)
pi2(1 + λ2)2Nf
+O(1/N2f ).
(A9)
For the SU(Nf )-adjoint mass, Σ1 is identical but Σ2
is absent due to the cancelation in the fermion loop. The
scaling dimension is then
∆ma = 2−
64
3pi2(1 + λ2)Nf
+O(1/N2f ). (A10)
Appendix B: Microscopic setting for the transition
In this section, we will describe the microscopic setting
for the phase transition. The results are summarized in
Table. I.
TABLE I. The summary of interesting sequences of transi-
tions. We consider a transition from ν = p/(2p + 1) FQH
state to a FCI or CI state. We take a simple square lattice
potential in Eq. (8), and each unit cell has the flux density φ
and the particle density n. The multi-flavor Dirac fermions
are protected by the magnetic translation symmetry of com-
posite fermions.
Transition to N K φ n
σxy =
p+1
2p+1
FCI 2p+ 1 0 2p 2p
2
2p+1
σxy = 1 ICI p+ 1 p/2
2p+1
p+1
p
p+1
σxy = 0 ICI p (p+ 1)/2
2p+1
p
1
1. FQH-ICI transition
Compared with the FCI, integer Chern insulator (ICI)
is much easier and robust to realize in experiments.
Therefore, it is interesting to consider the transition from
the ν = p/(2p+ 1) FQH phase to a ICI phase. Since the
ICI phases with C = 0, 1 also belong to the Jain se-
quence, they correspond to composite fermions form the
C1 = 0 or C1 = −1 integer state, So the FQH-ICI transi-
tion can be described by our QED3-Chern-Simons theory
Eq. (15). Specifically, the transition to the C = 0 ICI has
the critical theory,
L =
p∑
I=1
ψ¯I(/∂ − i/a)ψI + p+ 1
8pi
ada+
1
8pi
AdA− 1
4pi
adA.
(B1)
Similarly, the transition to the C = 1 ICI is described by,
L =
p+1∑
I=1
ψ¯I(/∂ − i/a)ψI + p
8pi
ada+
1
8pi
AdA− 1
4pi
adA.
(B2)
We don’t write the mass term m
∑
ψ¯ψ explicitly, but
we remark that due to the finite Chern-Simons term the
mass m should be tuned in order to hit the criticality.
Microscopically the FQH-ICI transition is indeed
straightforward to realize. Again we consider the Lan-
dau levels under a weak superlattice potential. For ex-
ample, suppose we have a super-lattice with the flux den-
sity φ = (2p + 1)/p and particle density n = 1 in each
unit cell. When the potential is weak, the ν = p/(2p+ 1)
FQH is naturally realized. When the potential is strong
compared with the Coulomb energy, the LLL splits into
2p + 1 sub-bands, and the p lowest sub-bands are filled.
By a proper choice of potential pattern, it is not hard to
realize that the p lowest sub-bands has the total Chern
number C = 0. Consequently we could imagine a tran-
sition from the ν = p/(2p + 1) FQH to the C = 0 ICI
by tuning the potential strength. Furthermore the com-
posite fermion sees an effective flux φCF = 1/p, which
means that the magnetic translation symmetry will pro-
tect p Dirac cones at the critical point.
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Similarly we can construct the model for the transition
between the ν = p/(2p+1) FQH and the C = 1 ICI state.
One way to realize it is to have the flux φ = (2p+1)/(p+
1) and density n = p/(p+1) in each unit cell. In the weak
potential limit, we have the ν = p/(2p + 1) FQH state.
In the strong potential limit, the Landau level splits into
2p + 1 sub-bands, and the p lowest sub-bands are filled.
The total Chern number of the lowest p sub-bands can
be 1 under a proper choice of potential pattern. Also it
is easy to show that the p+ 1 Dirac cones at the critical
point is protected by the magnetic translation symmetry
since the effective flux of the composite fermion is φCF =
1/(p+ 1).
Indeed a simple square lattice potential in Eq. (8)
gives precisely the required free fermion band structure,
namely the lowest p sub-bands has a total Chern number
0 (φ = (2p+ 1)/p) or 1 (φ = (2p+ 1)/(p+ 1)).
2. Odd flavor QED3 transition
The pure QED3 theory describes the transition be-
tween the particle-hole conjugate partner of the Jain
sequence states. For the fermionic system, the pure
QED3 theory (Eq. (18)) has the odd number (2p+ 1) of
Dirac fermions, and the transition happens between the
σxy = p/(2p + 1) and the σxy = (p + 1)/(2p + 1) states.
As we already discussed in Sec. III , the 1/3 − 2/3 (i.e.
p = 1) transition can be realized in a simple setting. Here
we generalize this setting to the arbitrary p.
We consider a superlattice potential that has the flux
φ = 2p and the density n = 2p2/(2p + 1) in each unit
cell. The filling factor is ν = n/φ = p/(2p + 1), thus
a FQH state is naturally expected when the potential is
weak. Once the potential is finite, the lowest Landau
level splits into 2p bands. Under a square lattice poten-
tial (e.g. Eq. (8) with V1 = V2 = 1, 1  V3 = V4 > 0),
the Chern number of the bands is: CI = 0 when I =
1, · · · , p−1, p+1, · · · 2p, and Cp = 1. The electrons com-
pletely fill the p− 1 lowest bands (C = 0), and partially
fill (with the filling factor (p+1)/(2p+1)) the C = 1 band
(the pth band). Hence the σxy = (p + 1)/(2p + 1) FCI
may appear, and the p/(2p+ 1)− (p+ 1)/(2p+ 1) tran-
sition could be realized by tuning the potential strength.
Furthermore, one can show that the composite fermion
has an effective flux φCF = φ− 2n = 2p/(2p+ 1), hence
the 2p+1 Dirac cones of the critical theory are protected
by the magnetic translation symmetry.
To realize the above scenario microscopically, one may
need to further adjust the potential pattern as well as
the interaction. If the lattice potential is not adjusted
appropriately, we may fall into a Fermi liquid phase or a
CDW phase since these two phases can possibly compete
with a FCI phase when the potential is non-zero. As we
discussed in Sec. III, for the case with p = 1, one needs to
adjust the diagonal potential V3 = V4 (≈ 1.4V1) to have
a large flatness ratio in the C = 1 band. The gapped
σxy = 2/3 phase is only observed for the small range of
V3/V1 near 1.4, and outside of this range, a metallic phase
was observed, signaling metal-FCI transition. We expect
that similar tuning of the lattice potential would also be
required for a larger p, whose systematic investigation is
left for the future work.
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